In [G. Lunardon, Semifields and linear sets of PG(1, q t ), Quad. Mat., Dept. Math., Seconda Univ. Napoli, Caserta (in press)], G. Lunardon has exhibited a construction method yielding a theoretical family of semifields of order q 2n , n > 1 and n odd, with left nucleus F q n , middle and right nuclei both In this paper we first prove that, when n > 3, any semifield belonging to the family introduced in the second work cited above is not isotopic to any semifield of the family constructed in the former. Then we construct, with the aid of a computer, a semifield of order 2 10 belonging to the family introduced by Lunardon, which turns out to be nonisotopic to any other known semifield.
Introduction
A finite semifield S is a finite algebraic structure satisfying all the axioms for a skewfield except (possibly) associativity.
The subsets N l = {a ∈ S | (ab)c = a(bc), ∀b, c ∈ S}, N m = {b ∈ S | (ab)c = a(bc), ∀a, c ∈ S}, N r = {c ∈ S | (ab)c = a(bc), ∀a, b ∈ S} and K = {a ∈ N l ∩ N m ∩ N r | ab = ba, ∀b ∈ S} are fields and are known, respectively, as the left nucleus, the middle nucleus, the right nucleus and the center of S. A finite semifield is a vector space over each of its nuclei and its center (for more details on semifields see e.g. [5, 10] ). If S satisfies all the axioms of a semifield except possibly the existence of the identity element for the multiplication, then S is called pre-semifield. Throughout this paper, we will assume the center of our semifields to be the Galois Field F q , where q = p h , and the term (pre-)semifield will be always used to denote a finite (pre-)semifield.
Two pre-semifields, say S = (S, +, •) and S = (S , +, • ), are said to be isotopic if there exist three F p -linear maps g 1 , g 2 and g 3 from S to S such that
for all x, y ∈ S.
From any pre-semifield, one can naturally construct a semifield which is isotopic to it. Semifields coordinatize certain translation planes (called semifield planes) and two semifield planes are isomorphic if and only if the corresponding semifields are isotopic [1] . A semifield is isotopic to a field if and only if the corresponding semifield plane is Desarguesian.
Let b be an element of a semifield S with center F q . Then the map ϕ b : x ∈ S → xb ∈ S is an N l -linear map, when S is regarded as left vector space over N l . The set S = {ϕ b : b ∈ S} is called the spread set of linear maps of S and it satisfies the following properties: (i) |S| = |S|, (ii) S is closed under addition and contains the zero map, (iii) any non-zero map of S is non-singular, i.e. it is invertible. Moreover, λϕ b = ϕ λb for any λ ∈ F q , i.e. S is an F q -vector subspace of the vector space V of all N l -linear maps of S. If dim N l S = 2, then V is a 4-dimensional vector space over N l and S is an F q -vector subspace of V of dimension 2n, where n = [N l :
Since the linear maps defining L(S) are invertible, the linear set L(S) is disjoint from the hyperbolic quadric Q = Q + (3, q n ) of P defined by the non-invertible maps of V. Also, S is isotopic to a field if and only if L(S) is a line of P external to the quadric Q. These linear sets have been introduced by G. Lunardon in [15] , associated with translation ovoids of Q + (5, q), and they have been studied in [4] (in terms of spread sets of matrices) associated with semifield spreads of PG (3, q) . Also in [4] , the authors proved that if two semifields S 1 and S 2 , 2-dimensional over their left nucleus and with center F q , are isotopic then the associated F q -linear sets of P = PG(3, q n ) are isomorphic with respect to the subgroup G of PΓ O + (4, q n ) fixing the reguli of the hyperbolic quadric Q of P.
In [12] , the authors introduced a family of semifields of order q 2n , n > 1 and n odd, with left nucleus F q n , right and middle nuclei both F q 2 and center F q . Also in [12] , for n = 5 and q = 2 and for n = 5 and q = 4, examples of such semifields were constructed, which are not isotopic to any other previously known semifield. Moreover in [13] , G. Lunardon constructed a theoretical family of semifields of order q 2n having the same parameters as the ones belonging to the family appearing in [12] . When n = 3 these two families coincide and in this case all of the ensuing semifields are either cyclic or isotopic to cyclic semifields with the same nuclei (see [11, Thm. 2.9] ). When n > 3, it is not known if the two families produce isotopic semifields.
In this paper we first prove that, when n > 3, no semifield belonging to the family introduced in [12] is isotopic to a semifield exhibited in [13] . Moreover we construct a semifield of order 2 10 with left nucleus F 2 5 , right and middle nuclei both F 2 2 and center F 2 , which provides an example belonging to the putative class constructed by Lunardon and which turns out to be non-isotopic to any other known semifield.
Spread sets of linear maps and linear sets of
, and let L be a set of points of Ω. The set L is said to be an F q -linear set of Ω if it is defined by the non-zero vectors of an
for further details on linear sets see e.g. [17] ).
A useful property proved in [11] (Property 3.1), is the following. Let r = PG(R, F q t ) be any line of Ω and L = L U be an
when R is regarded as a 2t-dimensional vector space over the subfield F q (see also [17, Property 2.3] In the same article (see [13, Thm. 4] ) it is observed that the existence of such an
is not a blocking set with respect to hyperplanes. Moreover, any such linear set, if it exists, defines a semifield S L of order q
Remark 1.
It should be noted that such a family of semifields S L is theoretical in the sense that, for n > 3, it is not known whether an F q 2 -linear set of PG(1, q 2n ) satisfying Property (P1) and Property (P2) exists.
Now we construct the general form of an F q 2 -linear set of PG(1, q 2n ), n > 1 and n odd, satisfying Property (P1). Let V be the 2-dimensional vector space over F q 2n of all the F q n -linear maps of F q 2n (i.e. V consists of the maps of the form ϕ ξ ,η : x → ξ x + ηx q n , where ξ and η vary in F q 2n ) and let P = PG(V,
the involutory semilinear collineation of P induced by the map
It is easy to see that the Baer subline P of P fixed pointwise by τ is
where N denotes the norm function of F q 2n over F q n . Now, let L S be an F q 2 -linear set of P of rank n satisfying Condition (P1) with respect to the Baer involution τ of P (recall that S denotes the F q 2 -vector subspace of V underlying the linear set L S ). Since the stabilizer of the Baer subline P in PGL(2, q 2n ) acts transitively on the points of P \ P we can suppose that P = ϕ 1,0 F q 2n , and hence P τ = ϕ 0,1 F q 2n , have weight n − 1 and 1 in L S , respectively.
, and
. . , ξ n−2 belonging to F q 2n and independent over F q 2 . Since S has rank n over F q 2 , we get
and since S and ξ −1 0 S define the same F q 2 -linear set L S , we can suppose ξ 0 = 1 and hence we get
. . , ξ n−2 elements of F q 2n independent over F q 2 and b ∈ F * q 2n . Note that |S| = q 2n , S is closed under addition and contains the zero map. Hence the set S is a spread set of F q n -linear maps of F q 2n if and only if any non-zero map of S is invertible, which is equivalent to saying that
Note that Condition (2.2) is fulfilled if and only if the F q 2 -linear set L S of P satisfies Condition (P2). Hence, if Condition (2.2) holds true, then the set S is a spread set of linear maps and it determines a semifield
, n > 1 and n odd, where + is the addition in the field F q 2n and • is defined as
3)
Hence we have proven the following.
Proposition 1. A semifield S = (F q 2n , +, •) belongs to the family introduced by Lunardon in [13] if and only if its multiplication
is defined as
Remark 2. If n = 3, then by [11, Thm. 2.9] S(ξ 1 , b) is isotopic to a cyclic semifield; whereas if n > 3 and n is odd, S(ξ 1 , . . . , ξ n−2 , b) is isotopic to a semifield belonging to the putative class constructed by Lunardon in [13] .
From now on, we assume that Condition (2.2) holds true and we will determine some geometric properties of the linear
Regarding the vector space V of all F q n -linear maps of F q 2n as a 4-dimensional vector space over F q n and letting Σ = PG(V, F q n ) = PG (3, q n ) be the associated projective space, the linear set L will be the set of projective points in Σ obtained from the non-zero maps of S = S(ξ 1 , . . . , ξ n−2 , b). Moreover, the Baer subline P = PG(1, q n ) of P = PG(1, q 2n ) corresponds to a regulus of the hyperbolic quadric Q = { ϕ ξ ,η F q n : ξ , η ∈ F q 2n , η
} of Σ. Also the set S is easily seen to be an F q -vector subspace of Σ of rank 2n and hence the F q 2 -linear set L of P of rank n can be also regarded as an F q -linear set of rank 2n of Σ, which is, obviously, disjoint from the quadric Q. Moreover the two points P = ϕ 1,0 F q 2n and P τ = ϕ 0,1 F q 2n of P correspond to the lines r and r ⊥ (where ⊥ is the polarity induced by the quadric Q) of Σ defined by the sets of linear maps R = {x → ξ x : ξ ∈ F q 2n } and R = {x → ηx q n : η ∈ F q 2n }, respectively. Since P and P τ have weight n − 1 and 1 in L (over F q 2 ), respectively, it is clear that
(2.5)
We first prove Lemma 1. The F q -linear set L of Σ satisfies the following properties.
(i) Each point of r has weight at most n − 1 in L (over F q ).
(ii) Each point of r ⊥ has weight at most 1 in L (over F q ).
Proof. We only prove (i), as the proof of (ii) is analogous. By way of contradiction, suppose that there exists a point
. This implies that there exist λ 1 , . . . , λ n of F q n , independent over F q , such that Q ∩ S(ξ 1 , . . . , ξ n−2 , b) = {x → (β 1 λ 1 + β 2 λ 2 + · · · + β n λ n )ax : β i ∈ F q }. Since n is odd λ 1 , . . . , λ n are also F q 2 -independent and since Q is a point of r we get
Hence the following result holds true. 
Proposition 2. The line r is the unique line of Σ contained in L.

Proof. Recall that
From Lemma 1 it follows that F has weight at most n − 1 in L (over F q ) and this implies that
and hence L is contained in the plane π , a contradiction. 
} an F q 2 -basis of F q 2n (n odd and n > 1) and such that the following condition
holds true. Denote by L u ,b the linear set of Σ = PG(3, q n ) defined by S u ,b . Note that if n = 3, then a semifield S(ξ 1 , b), with ξ 1 = u ∈ F q 3 \ F q coincides with the semifield S u ,b and by [11, Thm. 2.9] it is isotopic to a cyclic semifield of order q 6 , with left nucleus F q 3 , middle and right nuclei both F q 2 and center F q . The cyclic semifields first appeared in [9] . (3, q n ), we note that they contain a unique line of Σ. 
, then such a collineation must leave invariant the line r and hence the line r ⊥ ; which is a contradiction taking (2.6) and (2.7) into account.
Hence, we have proven the following.
Theorem 1.
Any semifield S(ξ 1 , . . . , ξ n−2 , b), with n odd and n > 3, is not isotopic to any semifield introduced in [12] .
A new semifield
We start this section recalling the known examples of semifields (the classes are not necessarily disjoint, see C and D). This list comes from [10, Chapter 37].
List of known semifields: B
Knuth binary commutative semifields F Flock semifields and their 5th cousins:
Kantor-Knuth F 2 Cohen-Ganley, 5th cousin: Payne-Thas. F 3 Penttila-Williams symplectic semifield order 3 5 , 5th cousin, Bader, Lunardon, Pinneri flock semifield C Commutative semifields/symplectic semifields. C 1 Kantor-Williams Desarguesian Scions (symplectic), Kantor-Williams commutative semifields C 2 Ganley commutative semifields and symplectic cousins C 3 Coulter and middle nuclei and center of order q, for any odd integer n > 2 and any prime power q.
EMPT of order q 2n , n even: Ebert-Marino-Polverino-Trombetti semifields of order q 2n , with left nucleus of order q n , right and middle nuclei of order q 2 and center of order q, for any odd integer n > 2 and any odd prime power q.
EMPT
of order q 6 Ebert-Marino-Polverino-Trombetti semifields of order q 6 , with left nucleus of order q 3 , right nucleus of order q 2 (respectively, q) and middle nucleus of order q (respectively, q 2 ) and center of order q, for any odd prime power q.
We prove that the theoretical family of semifields introduced by Lunardon in [13] is not empty when n > 3 by exhibiting such a semifield for q = 2 and n = 5. Let ω denote a primitive element of F 2 5 with minimal polynomial
} is an F 2 -basis of F 2 5 and hence also an F 2 2 -basis of F 2 10 (since n = 5 is odd). To satisfy Condition (2.2) with ξ i = ω i for i = 1, 2, 3, 4 it suffices to find an element b ∈ F * 2 10 such that
+1
: α i ∈ F 2 2 }. If this condition holds true, then we denote the corresponding semifield by S(ω, b) and by [13, Thm. 4] 
By using the software package MAGMA [3] we find that there exists exactly one element in F = ω 8 belongs to the family of semifields introduced in [13] and by Theorem 1 it is not isotopic to any semifield constructed in [12] . Moreover, it can be easily seen that as b varies over the set of elements of F 2 10 with norm (over F 2 5 ) ω 8 , all these semifields are isotopic. So we have exactly one new example, up to isotopy, arising from ω.
Also, computational results have shown that for any u ∈ F 2 5 \ F 2 there is a unique element of F 2 5 \ P(u) and hence there exists, up to isotopisms, one semifield S(u, b u ), with N(b u ) = F 2 5 \ P(u), arising from u. These semifields are all isotopic to S(ω, b). Indeed, using again the software MAGMA, the set
contains F 2 5 . So if u ∈ F 2 5 \ F 2 , then there exist α, β, γ , δ ∈ F 2 2 , with αδ − βγ = 0, and τ ∈ Aut(F 2 5 ) such that u = 
: β i ∈ F q 2 } is a spread set of linear maps, whose corresponding semifield S(u , b ) belongs to the family introduced in [13] , and it is isotopic to S(ω, b) (for further details see [16, Corollary 3.2] ). Moreover, since , b ) , and hence the two semifields S(ω, b) and S(u, b ) are isotopic. Proof. We start by recalling that from a given semifield S, it is possible to construct six semifields, one of which is the original, by the so-called Knuth operations (transpose and dual). We will call these six semifields derivatives of S. The Knuth operations permute the nuclei of S with fixed rules (see e.g. [14] ). We first observe that our semifield S(ω, b) is not isotopic to any derivative of JMPT(4 5 ), JH, CF and EMPT semifields, because of its order and of the orders of its nuclei.
The semifield S(ω, b), with b
33
= ω 8 , has left nucleus F 2 5 , right and middle nuclei F 2 2 and center F 2 . By [14, Thm. 3] a symplectic semifield has right and middle nuclei isomorphic to the center, while a semifield isotopic to a commutative semifield has left and right nuclei isomorphic to the center. Hence, our example is isotopic neither to a derivative of a symplectic semifield nor to a derivative of a commutative semifield.
Also, the even characteristic of S(ω, b) allows us to say that S(ω, b) is not isotopic to any derivatives of a generalized Dickson semifield.
Since a Knuth semifield of type (17), (18) Moreover, the multiplication of a Generalized Twisted Field of order q (q be a prime power) depends on two We finish this section with some non-existence results obtained by using the software package MAGMA.
Remark 3. For (q, n) ∈ {(3, 5), (4, 5) , (5, 5) , (2, 7) , (3, 7) , (2, 9)} there are no semifields of type S(ξ 1 , . . . , ξ n−2 , b), with ξ i = u i , where u ∈ F q n such that 1, u, . . . , u n−2 are independent over F q . Nevertheless, some examples might exist in the more general family proposed by Lunardon.
